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Abstract: Discontinuous systems have been increasingly paid attention since they can be found ranging from physical to biological 
systems. In this paper we consider an effective estimation algorithm for systems with discontinuous vector field. We propose an incorporation 
between the existing recedinghorizon nonlinear Kalman filter (RNKF) and the unscented transformation, which is named receding-horizon 
unscented Kalman filter (RUKF). The use of unscented transformation is beneficial to discontinuous systems since it does not require partial 
derivatives as does the linearization technique which may incur severeness at discontinuity. An application of this algorithm to a system with 
discontinuous friction is considered to illustrate its performance in comparison with the classical unscented Kalman filter (UKF). 
 
1. INTRODUCTION1 
 
With great challenge in engineering problems and 
echnologies, many researchers increasingly pay attention on 
discontinuous systems which are widely seen ranging from 
physical to biological systems, such as system with friction 
[1], dynamical network with switching topology [2], and  
iological neural networks [3]. Due to highly nonlinear 
property on discontinuity, there are significant problems 
such as inaccurate computation (chattering) and various 
types of trajectory behavior which cannot be handled by 
using classical analysis like Lipschitz functions. There are 
riches of analysis on semistability, multistability and 
bifurcation in the form of differential inclusion using 
Filippov’s convex method, [2], [3]. However, estimation of 
the prescribed systems has not been widely investigated. In 
our paper, we account for stochastic model for such systems 
and estimationproblems are considered.  

Kalman filter and extended Kalman filter (EKF) are very 
powerful approaches as they have been applied to various 
advanced engineering problems for more than three decades. 
Because EKF is applied to nonlinear systems, it has been 
widely used for prediction, navigation systems, adaptive 
control, robust control, system identification and many other 
areas [4]. Despite its usefulness, many researchers have tried 
to find other nonlinear filtering approach. [5] proposed 
unscented Kalman filter (UKF). It has, later, been  roved 
more robust than EKF in several cases [6]. In addition, it can 
incorporate highly nonlinear systems including system with 
discontinuous vector field since the propagation of 
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prediction can be done via unscented transform which is 
derivative free.  

Based on continuous-time limit with respect to time step, 
[7] derived continuous-time unscented Kalman filter, later 
called unscented Kalman-Bucy filter (UKBF) and analyzed 
by [8], and derived continuous-discrete unscented Kalman 
filter (CDUKF). In addition, the latter one is proved to 
outperform discrete UKF by showing simulation result of 
reentry vehicle tracking problem. In our previous work, it 
was successfully applied to highly uncertain systems with 
multiple discontinuities [9]. In this work, we consider a 
control system with uncertain model of discontinuous 
friction as in [9]. We propose an estimation algorithm 
incorporating the existing receding-horizon nonlinear 
Kalman (RNKF) [10] with unscented transformation, which 
is called “recedinghorizon unscented Kalman filter 
(RUKF)”. The central idea of RNKF is based on augmented 
state in the horizon interval, and, thus, it is able to handle 
systems with constraints. For linear unconstrained systems, 
it was shown that the current estimate is the result of Kalman 
filter and the other previous estimates are the result of 
optimal smoothing. [11] gave the general fixed-lag smoother 
which employed Rauch-Tung-Striebel smoother equations. 
The difference from the RNKF and RUKF is that the 
smoothed estimates are computed after all the Kalman filter 
estimates are known. [12] also proposed an algorithm for the 
same purpose. However, the algorithm is given in a creative 
way, but not based on principle.  

This paper is organized as follows. In the next section, 
we investigate behavior of chattering around sliding surface, 
and we bring up an approach of Filippov’s convex method to 
obtain accurate computation when state variable orbits along 
sliding surface. In Section 3, we will point out the problem 
formulation of discrete time filtering, and we introduce the 
formulation of RUKF algorithm. To show the robustness of 
the algorithm, numerical simulation results and discussions 
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of an application example is given in Section 4. We sum up 
our work in Section 5. 
 
2. COMPUTATION OF FILIPPOV SYSTEM 

In this section, we will specifically investigate 
computational behavior of a dynamical system where the 
vector field involves discontinuities. We illustrate the 
existence of chattering if we use conventional method to 
compute the corresponding discretized system, and we also 
give a solution to avoid chattering by approximately define 
average vector field around discontinuities using Filippov’s 
convex method. This section, therefore, deals with numerical 
method to improve accuracy of computation which is 
independent from the estimation algorithm presented in the 
rest of the paper. 

 
2.1.  Chattering 

Consider a state equation of a deterministic system 
following, 

 
 
A discontinuity surface that the system state of (1) orbits 
along is called sliding surface. Numerically, 
chatteringaround the surface is incurred, which is illustrated 
in Fig. 1. Chattering of one dimensional system is studied by 
[13]. In this paper, we investigate namely trajectory error 
due to chattering for n-dimensional system using Euler 
method whose computation induces largest error in 
comparison with Rung-Kutta and other numerical 
integration methods. Euler approximation of (1) is, then, 
written as  

 

 

 

 

 
 
2.2. Filippov Approach 
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3. RECEDING-HORIZON UNSCENTED KALMAN 
FILTER 

 

 

 
 
Initialization Step 
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Time Update Step 

 

 

 

 

 

 
 
Measurement Update Step 

The predicted estimates of the augmented states are updated 
using all the measurements in the time window [k + 1; k + h] 
based on, again, unscented transformation. 
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4. APPLICATION TO FRICTION ESTIMATION 
FOR ADAPTIVE CONTROL 

 

 

 
 

First, we use unbiased basis function which means that we 
choose the same Ꞷs = 2:4 for estimator. The performance of 
tracking control obtained from using both UKF and RUKF is 
shown in Fig. 4. It indicates that tracking error using UKF is 
larger, especially at low velocity, (around 0, 50 and 100 
seconds, the trajectory in Fig. 3 has small amplitude, and so 
does the velocity). This is because the parameters of 
frication are not well estimated, as shown in Fig. 5. On 
sliding surface (at zero velocity), the system was shown 
unobservable by [9], and, therefore, both estimations 
diverge. However, convergence can be recovered when 
velocity is away from zero. Fig. 5 indicates that parameter 
estimationnusing RUKF is less sensitive than using UKF 
because, like RNKF, RUKF has the optimal smoothing 
property. 
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5. CONCLUSIONS   
 
To handle estimation problem of discontinuous systems, in 
this paper computational accuracy around discontinuity 
surface of a discretized system is investigated, and 
Filippov’s approach is used to improve the computational 
accuracy for such systems. Moreover, we propose an 
estimation algorithm, receding-horizon unscented Kalman 
filter which extends the framework of the existing receding-
horizon nonlinear Kalman filter incorporated with unscented 
transformation. 

 
The details of the algorithm consisting of initialization, time 
update and measurement are explained. The algorithm is 
pointed out to be compatible with discontinuous systems. To 
clarify robustness of the proposed algorithm, an application 
to friction estimation for adaptive control is considered. In 

comparison with the classical UKF, simulation of using 
RUKF shows applaudable results. 
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